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Distinguishing conformally coupled frames from the tree-level perturbative observables (scalar
spectral index ns and tensor-to-scalar ratio r) is challenging in cosmology as they are nearly identi-
cal. However, since the background evolution in these two frames differs significantly, we can look
for potential signatures in the reheating constraints to discriminate these frames. In this work, we
study the reheating phase in these frames and find that the difference in the inflationary energy
scales in these frames contributes to a significant difference in the reheating e-folding number and
hence, different reheating temperature. This difference will eventually lead to a contrasting thermal
history in the two frames, which may have a potential observational signature in future observa-
tions. This study will open up an avenue for distinguishing various conformally connected otherwise
indistinguishable frames and may finally lead us to the correct theory of gravity for our Universe.
Introduction: Einstein’s general theory of relativity
provides a compelling and testable theory of the evo-
lution of our universe: the standard model of cosmol-
ogy, also otherwise known as the Big-Bang theory. Till
date, it has withstood all the experimental tests [1]. Also,
its extension to the early Universe, i.e., the inflationary
paradigm are in good agreement with the present experi-
ments with unprecedented precision [2]. However, at the
early Universe in the high energy regime (∼ 1016 GeV),
the gravity as described by Einstein’s GR is expected to
get modified. One such modification is to consider the
higher-order curvature corrections to the Einstein GR,
also collectively known as the f(R) gravity [3]. Most of
these modified gravity models entail a coupling between
the curvature and scalar field, which mixes the metric
and scalar degrees of freedom. This also implies that
the effective Planck mass during the early Universe is
field-dependent, and hence, time-dependent. Such kind
of frames is known as the Jordan frame. It was soon
realized that, with a suitable conformal transformation,
the extra degree of freedom in those models can be cast
into the Einstein theory with a canonical scalar degrees of
freedom predicting identical results at the perturbation
level, the observable being the scalar spectral tilt, ns and
the scalar-to-tensor ratio, r. Thus it is argued that the
conformally invariant frames are ‘equivalent’. However,
differences in the dynamics in these two frames has also
been pointed out in several articles in the literature [4, 5].
Reheating is the phase when, after the end of inflation,
the inflaton oscillates coherently around the minimum of
the potential and decays into other relativistic particles,
setting the stage for the radiation dominated era [6]. The
quantities describing the reheating phase depend signifi-
cantly on the background dynamics, and unlike the per-
turbations, the background evolution in these two frames
are significantly different. Therefore, there is a possibility
that the two frames lead to different reheating dynamics,
as implied in Refs. [5].
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In this letter, we show that the reheating constraints
have indeed the potential to discriminate the two frames.
In doing so, we will consider f(R) theories. The inflation-
ary energy scale, as well as the energy density at the end
of inflation ρend in both the frames, are different. We will
see that these differences culminate into the difference in
the reheating e-folding number Nre, and subsequently in
the reheating temperature Tre. Since the tensor modes
are yet to be detected, the reheating epoch can be a good
measure to distinguish various inflationary models, and
in our case, the difference may indeed favor one frame
over another.
We denote Mpl ≡ 1/
√
8piG as the reduced Planck
mass. Also, all physical quantities in the Einstein frame
are denoted with the tilde, i.e., X˜, to distinguish the
same in the Jordan frame.
Governing equations: The action for the f(R) theories
is
Sf(R) =
M2pl
2
∫
d4x
√−g f(R), (1)
where R is the Ricci scalar. In these theories, along with
the transverse tensor degrees of freedom, there is also a
scalar degree of freedom ∂f(R)/∂R. Therefore, by chang-
ing the field variable from R to φ ≡ ∂f(R)/∂R, it can be
re-written as
Sf(R) = 1
2
∫
d4x
√−g [M2pl φR− 2V (φ)] , (2)
where the potential is defined as V (φ) =
M2pl/2 [φR (φ)− 2f (R (φ))]. As one can see from
the action (2), the f(R) theory of gravity is identical
to the Brans-Dicke theory [7] with the Brans-Dicke
parameter ωBD = 0. By using a suitable conformal
transformation g˜µν = φgµν , it can be re-written as
SE = 1
2
∫
d4x
√
−g˜
(
M2pl R˜− g˜µν∇˜µφ˜∇˜ν φ˜− 2V˜ (φ˜)
)
(3)
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2in the Einstein frame. The redefined canonical scalar
field and the potential in the Einstein frame are defined
as
φ = exp
(√
2
3
φ˜
Mpl
)
, V˜ (φ˜) =
V (φ(φ˜))
φ(φ˜)2
. (4)
In these frames, the scalar and tensor perturbation ob-
servables can easily be obtained by using slow-roll tech-
niques. The scalar spectral index ns, and the tensor-to-
scalar ratio r are given by the expressions:
ns '
{
1− 4 1 + 2 2 − 2 3
1− 2 ˜1 − ˜2, (5)
r '
{
48 23
16 ˜1,
(6)
where {1 ≡ −H˙/H2, 2 = φ˙/2Hφ, 3 = φ¨/Hφ˙} and
{˜1 = − ˙˜H/H˜2, ˜2 = ˙˜1/H˜1} are the slow-roll parame-
ters in the Jordan and the Einstein frames, respectively.
It can easily be checked that for the same value of ns,
r in both frames remains identical, and thus, inflationary
observables are equal, making the frames extremely diffi-
cult to distinguish from the CMB observations. However,
this is not at all surprising as we know that under con-
formal transformation, scalar and tensor perturbations
remain invariant.
After the end of inflation, the inflaton energy density
decreases and the inflaton decays into other relativistic
degrees. The expansion of the universe during reheat-
ing phase can be parametrized by an effective equation
of state parameter wre [8, 9] such that the energy den-
sity during reheating behaves as ρ ∝ a−3(1+wre). Us-
ing this, we first evaluate the reheating e-folding num-
ber Nre ≡ ln(are/aend), and consequently the reheating
temperature Tre ∼ e−Nre in the respective frames. It
can easily be verified that, at the end of inflation, since
the conformal factor becomes φ ∼ 1, the equations in
both frames become nearly similar, and thus the effective
equation of state wre in both frames may be considered
to be the same. The reheating e-folding number can be
written as [10]
Nre =
4
3wre − 1
[
Nk + ln
(
k
a0T0
)
− ln (Hk) + 1
4
ln(ρend)
+
1
4
ln
(
30
pi2gre
)
+
1
3
ln
(
11gs,re
43
)]
. (7)
Nk is the e-folding number when a particular k mode
leaves the Hubble radius to the end of inflation and {a0,
T0} are present values of the scale factor and the tem-
perature, respectively. Hk is the Hubble scale when the
mode leaves the Horizon; ρend is the energy density at the
end of inflation and {gre, gs,re} are the effective number
of relativistic species upon thermalization and the effec-
tive number of light species for entropy during reheating,
respectively.
Here, we work with the pivot scale k/a0 = 0.05 Mpc
−1
and therefore, the second term in the right hand side is
same for both frames. It can easily be shown that Nk in
these two frames are near identical for a fixed value of
ns (∆Nk ∼ O(0.1)). Therefore, considering {gre, gs,re} ∼
100 in both frames, Nre can only differ significantly if
there is a difference in Hk and/or ρend in both frames.
The Hubble energy scale Hk can be evaluated (us-
ing first order slow-roll approximation) and expressed in
terms of the amplitude As of scalar power-spectrum and
the tensor-to-scalar ratio r as
Hk '
{
piMp
√
rAsφk√
2
Jordan frame
piMp
√
rAs√
2
Einstein frame
. (8)
Now, both {r,As} are found to be the same in both
frames and therefore, in the Jordan frame, Hk is φ
1/2
k
times higher than the same in the Einstein frame. This
result is anticipated since the difference in Hk in a con-
formally related theories with the transformation g˜µν =
φ gµν is
H˜ =
H√
φ
(1 + 22). (9)
Therefore, during inflation, neglecting the slow-roll pa-
rameter, we arrive at H˜k ≈ φk−1/2Hk. It can also be
verified that at this energy scale, all quantities in these
frames follow the conformal relation, e.g., φk and φ˜k are
related by the conformal relation (4).
However, since 1 is not a conformally invariant quan-
tity, 1 = 1 does not imply ˜1 = 1, and therefore quanti-
ties at the end of inflation in these frames do not follow
the conformal relations, i.e., unlike φk and φ˜k, φend and
φ˜end does not maintain the conformal relation (4). There-
fore, there is an inherent difference in ρend (the effective
energy density in the Jordan frame at the end of inflation
is 3H2endM
2
pl) in different frames. The differences in Hk
(contributes the most) and ρend in the respective frames
do not compensate and therefore, Nre in these two frames
differ significantly. As one can readily see from the rela-
tion (7), for wre . 1/3, in the most plausible scenarios,
Nre is always higher than N˜re while the relation reverses
for wre & 1/3.
Assuming the conservation of reheating entropy in the
present CMB, the reheating temperature Tre can be ex-
pressed in terms of Nre as [9]
Tre =
(
43
11gs,re
)1/3(
a0T0
k
)
Hk e
−Nk−Nre . (10)
As we can see, Tre increases with Hk while decreases
exponentially with Nre. Thus, the difference in Hk result
in varying the reheating e-folding numbers in the two
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FIG. 1. We plot the variation of reheating e-folding number Nre and reheating temperature Tre with the scalar spectral index ns for the
Starobinsky model (left) and the chaotic m2φ2 model (right). The solid lines are for the Einstein frame while the dashed lines are for the Jordan
frame. Different colors represent different effective equation of the state wre as indicated in the figure. The blue shaded region is the Planck
1σ region with ns = 0.9649 ± 0.0042 [2]. The dark blue region indicates the future projected bound on ns with a sensitivity of 10−3 with the
assumption that the central value of it will remain unchanged [11]. The temperature below the deep red region is excluded due the constraints
from BBN [12] while the lighter red region is the electroweak scale taken to be 100 GeV.
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FIG. 2. We plot the variation of reheating e-folding number Nre and reheating temperature Tre with the scalar spectral index ns for the α-attractor
model with α = 10 (left) and α = 100 (right). Note that the Starobinsky model is a special case of α = 1.
frames which consequently yields a different reheating
temperature. It can also be seen from the relation (7),
wre plays the role in Nre and subsequently, in Tre which
becomes more prominent as wre approaches 1/3.
Results: We now consider specific inflationary mod-
els to analyze the difference quantitatively. Arguably,
the most favored model in accordance with CMB is the
Starobinsky model [13] with f(R) = R + 1/(6m2)R2
where the Jordan (2) and Einstein frame potential
(4) are V (φ) = 3/4m2M2pl (1 − φ)2 and V˜ (φ˜) =
3/4m2M2pl
(
1− e−
√
2/3φ˜/Mpl
)2
. We numerically solve
equations (7) and (10), and show the difference in Nre,
as well as in Tre in both frames for various values of
4wre (−1/3 . wre . 1) in the left panel in Fig. 1.
In this case, φk ∼ 102 and therefore, change in Hk
is ∼ 10. Also, by properly evaluating the end of in-
flation, change in ρend (higher in the Jordan frame) is
∼ 10. Thus, the change in Nre for wre ∼ 0 is ∼ 3 ln 10
(higher in the Jordan frame). Therefore, the change in
Tre for wre ∼ 0 is 10−2, i.e., the reheating tempera-
ture in the Jordan frame is lower than the same in the
Einstein frame. We can approximate our numerical re-
sult with wre = 0 by fitting the relation of reheating e-
folding and the temperature as a function of ns as {Nre '
6425 (0.9662 − ns), log10(Tre/106GeV) ' 2093 (ns −
0.9616)} in the Jordan frame, and {N˜re ' 6480 (0.9652−
x), log10(T˜re/10
6GeV) ' 2111 (ns − 0.9608) in the Ein-
stein frame. The difference in reheating temperature is
apparent from these relations.
In the case of large field models, the difference can be
more prominent as it allows φk to be very high. In the
right panel of Fig. 1, we plot the same for the chaotic
inflation model [14]: a large field model. In the Ein-
stein frame, the potential is V˜ (φ˜) = 1/2m2 φ˜2 and by
using (4), the potential in the Jordan frame becomes
V (φ) = 3/4m2M2pl (φ lnφ)
2. In this case, φk ∼ 105 is
significantly higher than the same in the Starobinsky
model. This reflects in difference in reheating tempera-
tures ∼ 108. In Fig. 2, we also plot the differences in two
frames for two α-attractor models [15] (note that, α = 1
is the Starobinsky model) with α = 10 and 100. Since φk
increases with α, therefore, the difference becomes more
prominent with increased value of α.
In Fig. 1, as one can see, the additional reheating con-
straint is the upper bound (lower bound for wre & 1/3)
on ns since Nre must be positive. In the Einstein frame,
ns . 0.9652, whereas, in the Jordan frame, the bound is
ns . 0.9662, i.e., ∆ns ∼ 10−3. In the case of chaotic in-
flation (large field models as well as with increasing α in
the α-attractor model), ∆ns increases (see Figs. 1 and 2).
From these figures, we can easily infer that in the Jordan
frame, the upper bound is always higher than the same
in the Einstein frame.
Discussion and conclusions: In this letter, we consid-
ered the most conservative allowed range of the effective
equation of state as −1/3 . wre . 1. However, at the
end of inflation, the equation of state is −1/3 whereas
wre & 1/3 is difficult to conceive since it requires a po-
tential dominated by higher-dimension operators (higher
than φ6) near its minimum. Therefore, the plausible
range of wre is −1/3 . wre . 1/3. In addition to that,
preheating study performed with the help of lattice sim-
ulations shows that the equation of state wre during this
phase is not a constant but varies smoothly in the range
of 0 . wre . 0.25 while the duration is nearly instanta-
neous, i.e., Nre ∼ 0 [16]. Therefore, considering instanta-
neous reheating as a benchmark and with the help of fu-
ture experiments such as EUCLID [17] and PRISM [18],
cosmic 21-cm surveys [19] and CORE experiments[20]
with improved precision of 10−3 in ns, any model in
these frames can be tightly constrained. For instance,
the Starobinsky model in the Jordan frame is in tension
as it is just outside the future constrained region (see the
left panel in Fig. 1). Also, there is a tighter constraint
on the maximum value of α in the α-attractor model (see
Fig. 2). Besides, the primordial gravitational waves pro-
vide a compelling window to look at physics beyond the
BBN and thereby may constrain the reheating phase [21].
The conformally connected frames, which was pre-
viously thought to be ‘equivalent’, can now be distin-
guished if we take the reheating constraints into account.
We showed that, because of the conformal factor, the in-
flationary energy scale differs in different frames. In ad-
dition to that, at the end of inflation, the energy density
in both frames differs. All these culminate into different
values of reheating e-folding number Nre. This difference,
in turn, causes a significant change in reheating tempera-
ture Tre and subsequently, different reheating constraints.
In case of small field models, the difference in Tre as well
as the difference in the upper bound on ns in both frames
are small compared to the same in the large field models.
These results not only breaks the idea of similarity in
physics in conformally connected frames, as we thought
them to be, but also provide viable observational bounds
that can be verified with future observations.
Using similar arguments, we expect the difference in
reheating dynamics in degenerate theories (where infla-
tionary observables are identical). One such example is
the Starobinsky model and the Higgs inflation. This work
is under investigation.
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